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x̄ =


x̄1

x̄2

...
x̄p

 =


1
n

∑n
i=1 xi1

1
n

∑n
i=1 xi2
...

1
n

∑n
i=1 xip

 =
1

n
X′1

S =


s11 · · · s1p

s21 · · · s2p

...
...

sp1 · · · spp

 = 1
n−1X′(I− 1

n11′)X,

D = diag(s11, s22, . . . , spp)

D−1/2 =


(

1
s11

)1/2

0

. . .

0
(

1
spp

)1/2

 .

R = D−1/2SD−1/2

——————————————————————

A
(m+q)×(n+r)

=

A11
m×n

A12
m×r

A21
q×n

A22
q×r

 B
(n+r)×(s+t)


B11
n×s

B12
n×t

B21
r×s

B22
r×t

 .
− Since all of the submatrices are conformable,

AB =

[
A11B11 + A12B21 A11B12 + A12B22

A21B11 + A22B21 A21B12 + A22B22

]

− If A11 and A22 are square (m = n and q = r) and
A12 = A′21 = 0,

|A| = |A11| |A22|

− If A11 and A22 are both square and nonsingular,

|A| = |A11|
∣∣A22 −A21A

−1
11 A12

∣∣
= |A22|

∣∣A11 −A12A
−1
22 A21

∣∣
——————————————————————

|A− λIp| = 0︸ ︷︷ ︸
“characteristic

equation”

A = CDC′

——————————————————————

tr(A) =

p∑
i=1

λi

|A| =
p∏
i=1

λi

——————————————————————
var{x̄} =

1

n
Σ

——————————————————————
fx(x) =

1

(2π)
p
2 |Σ| 12

e−
1
2 (x−µ)′Σ−1(x−µ)

Constant probability density contour ={
all x 3 (x− µ)′Σ−1(x− µ) = c2

}

If x
p×1
∼ Np(µ,Σ) and

(
x1

x2

)
∼ Np

([
µ1

µ2

]
,

[
Σ11 Σ12

Σ21 Σ22

])
• Ax + c ∼ Nq(Aµ+ c,AΣA′)

* c′x ∼ N1(c′µ, c′Σc)

* E{Σ−
1
2 (x− µ)} = 0p

var{Σ−
1
2 (x− µ)} = Ip

and Σ−
1
2 (x− µ) ∼ Np(0, I)

• x1|x2 ∼ N(µ1 + Σ12Σ
−1
22 (x2 − µ2),Σ11 −

Σ12Σ
−1
22 Σ21)

• (x− µ)′Σ−1(x− µ) ∼ χ2
p

——————————————————————
Normal QQ Plot: Plot Φ−1

(
i− 1

2

n

)
vs. x(1), . . . , x(n)

χ2 QQ Plot: Plot
(
i− 1

2

n

)th
quantile of χ2

p vs. D2
(i) = ith

ordered value of D2
i = (xi − x̄)′S−1(xi − x̄)

——————————————————————
Box and Cox (1964) recommend using

x(λ) =

{
xλ−1
λ for λ 6= 0

ln(x) for λ = 0

where λ is chosen by maximizing

`(λ) = −n
2

ln

[
1

n

n∑
i=1

(x
(λ)
i − x̃(λ))2

]
+ (λ− 1)

n∑
i=1

ln(xi)

and x̃(λ) = 1
n

∑n
i=1 x

(λ)
i

——————————————————————
CLT: Let x1, . . . ,xn be independent obs. from a popula-
tion with mean µ and variance Σ.

•
√
n(x̄− µ) is approx. Np(0,Σ)

• n(x̄− µ)′S−1(x̄− µ) is approx χ2
p for n− p large.
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——————————————————————

Let xi
p×1

=

[
x

(1)
i

x
(2)
i

]
← missing components (q × 1)
← observed components ((p− q)× 1)

µ̃
p×1

=

[
µ̃(1)

µ̃(2)

]
and Σ̃ =

[
Σ̃11 Σ̃12

Σ̃21 Σ̃22

]
Each “E” step estimates x

(1)
i using regression:

x̃i
q×1

(1) = µ̃i
q×1

(1) + B
q×(p−q)

x
(2)
i − µ̃

(2)
i︸ ︷︷ ︸

(p−q)×1


where regression coefficients

B = Σ̃12
q×(p−q)

Σ̃
−1

22
(p−q)×(p−q)

——————————————————————
T 2 = n(x̄− µ0)′S−1(x̄− µ0) ∼ T 2

p,ν

ν − p+ 1

νp
T 2
p,v = Fp,ν−p+1

100(1− α)% C.R. for µ:

{all µ 3 n(x̄− µ)′S−1(x̄− µ)︸ ︷︷ ︸
squared mult. distance from x̄

≤ T 2
α,p,ν}

a′x̄± tα
2 ,n−1

√
a′Sa

n

a′x̄±
√
T 2
α,p,ν

√
a′Sa

n

a′x̄± t α
2k ,n−1

√
a′Sa

n

——————————————————————
a = S−1(x̄− µ)

a∗ = D
1
2 a where D =

s11 0
. . .

0 spp


——————————————————————

T 2 = n(Cx̄)′(CSC′)−1Cx̄ ∼ T 2
p−1,n−1 (assuming p− 1

rows in C)

T 2 = [x̄1−x̄2]′
[(

1

n1
+

1

n2

)
Sp`

]−1

[x̄1−x̄2] ∼ T 2
p,n1+n2−2

a′x̄1 − a′x̄2 ± tα2 ,n1+n2−2

√(
1

n1
+

1

n2

)
a′Sp`a

a′x̄1 − a′x̄2 ± t α2k ,n1+n2−2

√(
1

n1
+

1

n2

)
a′Sp`a

a′x̄1 − a′x̄2 ±
√
T 2
α,p,ν

√(
1

n1
+

1

n2

)
a′Sp`a

——————————————————————
a = S−1

p` (x̄1 − x̄2)

a? = D
1
2

p`a

Dp` = diag{Sp`} =

s11,p` 0
. . .

0 spp,p`


——————————————————————

Nel and Van der Merwe (1986) test uses

T ∗
2

= (x̄1 − x̄2)′S−1
e (x̄1 − x̄2)

Se =
S1

n1
+

S2

n2

T ∗
2 approx∼ T 2

p,ν∗

ν∗ =
tr
{
S2
e

}
+ (tr{Se})2

2∑
i=1

1

ni − 1

[
tr

{(
Si
ni

)2
}

+

(
tr

{
Si
ni

})2
]

——————————————————————

T 2
add = (ν − p)

T 2
p+q − T 2

p

ν + T 2
p

∼ T 2
q,ν−p

——————————————————————

g∑
`=1

n∑̀
j=1

(x`j − x̄)(q)′︸ ︷︷ ︸
total corrected
sum of squares

and cross
products matrix

=

g∑
`=1

n`(x̄` − x̄)(q)′︸ ︷︷ ︸
= H

“Between”
groups

matrix

+

g∑
`=1

n∑̀
j=1

(x`j − x̄`)(q)′︸ ︷︷ ︸
= E

“Within” groups

matrix
=

∑g
`=1(n` − 1)S`

Λ =
|E|

|E + H|
∼ Λα,p,νH ,νE

Let λ1, . . . , λs be the s non-zero eigenvalues of E−1H,
where s = min(p, νH). Then Λ =

∏s
i=1

1
1+λi

F =
1− Λ1/t

Λ1/t

df2

df1

approx∼ Fdf1,df2

df1 = pνH

df2 = wt− 1

2
(pνH − 2)

w = νE + νH −
1

2
(p+ νH + 1)

t =


√

p2ν2
H−4

p2+ν2
H−5

for p2 + ν2
H − 5 > 0

1 for p2 + ν2
H − 5 ≤ 0

——————————————————————
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θ = λ1

V =

s∑
i=1

λi
1 + λi

= tr
{

(E + H)
−1

H
}

=

s∑
i=1

ξi

where ξ1, . . . , ξs are the s ordered e’vals of (E + H)
−1

H

ξi =
λi

1 + λi
and λi =

ξi
1− ξi

U =

s∑
i=1

λi

= tr{E−1H}

——————————————————————

δ̂ = c1x̄1 + c2x̄2 + · · ·+ cgx̄g

var{δ̂} =

g∑
i=1

ci
2 Σ

ni
=

(
g∑
i=1

ci
2

ni

)
Σ

v̂ar{δ̂} =

(
g∑
i=1

ci
2

ni

)
Sp`

where Sp` = 1
νE

E and νE =
∑g
i=1(ni − 1).

T 2 = δ̂
′ [

v̂ar
{
δ̂
}]−1

δ̂ ∼ T 2
p,νE

H1 =
1∑g
i=1

c2i
ni

δ̂δ̂
′

and Λ =
|E|

|E + H1|
∼ Λp,1,νE

——————————————————————
100(1−α)% (Simultaneous) Confidence Interval for µij−
µkj is:

(x̄ij − x̄kj)±t [α/ (pg(g − 1))]︸ ︷︷ ︸
α
2 divided by

# of comparisons

= pg(g − 1)/2

,[
∑g
i=1(ni−1)]

√
sp`,jj

(
1

ni
+

1

nk

)

where spl,jj is the jth diagonal element of
Sp` = E/ (

∑g
i=1(ni − 1))

——————————————————————
λ1 = largest e’value of E−1H and a1 is corresp. e’vec

a∗i = ai
√
sp`,ii = ai ×

√
1
νE
eii

——————————————————————

Λz|y
↑

“partial Λ

statistic”

=
Λyz
Λy
∼ Λq

↑
# of
vars
in z

,νH ,νE−p
↑

# of
vars
in y

——————————————————————

ΛA =
|E|

|E + HA|
∼ Λp,a−1,ab(n−1)

ΛB =
|E|

|E + HB |
∼ Λp,b−1,ab(n−1)

ΛAB =
|E|

|E + HAB |
∼ Λp,(a−1)(b−1),ab(n−1)

——————————————————————

Test for H01:

Λ =
|CEC′|

|C(E + H)C′|
∼ Λp−1,νH ,νE

Test for H02:

Λ =
1′E1

1′E1 + 1′H1
∼ Λ1,νH ,νE

⇒ 1− Λ

Λ

νE
νH
∼ FνH ,νE

Test for H03:

T 2 =

(
g∑
`=1

n`

)
(Cx̄)

′
(

1

νe
CEC′

)−1

Cx̄ ∼ T 2
p−1,νE

⇒ νE − (p− 1) + 1

νE(p− 1)
T 2 ∼ Fp−1,νE−(p−1)+1

——————————————————————

ε =

[
tr
(
Σ− 1

p11′Σ
)]2

(p− 1)tr

[(
Σ− 1

p11′Σ
)2
] SAS: “G – G ε”

Test for A: F = MSA
MSE ∼ Fε̂(p−1),ε̂g(n−1)(p−1)

Test for AB: F = MSAB
MSE ∼ Fε̂(g−1)(p−1),ε̂g(n−1)(p−1)

——————————————————————

T 2 = N
↑∑g
i=1ni

(C x̄
↑

grand
mean

)′(C Sp`︸︷︷︸
E
νE

C′)−1( C︸︷︷︸
(p−1)×p

x̄) ∼ T 2
p−1,νE

Λ =
1′E1

1′E1 + 1′H1
∼ Λ1,νH ,νE

Λ =
|CEC′|

|C(E + H)C′|
∼ Λp−1,νH ,νE

——————————————————————

A and B are within subjects factors and
C is a between subjects factor
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Test for A:

T 2 = N(A x̄
↑

grand
mean

)′(A Sp`
↑

1
νE

E

A′)−1Ax̄ ∼ T 2
a−1, νE

↑∑g
i=1(ni − 1)

when only

one between
subjects

factor is used

OR

Λ =
|AEA′|

|A(E + H∗)A′|
∼ Λa−1,1,νE

where H∗ = N x̄x̄′ and A = A∗ ⊗ 1′b

Test for B:

T 2 = N(Bx̄)′(BSp`B
′)−1Bx̄ ∼ T 2

b−1,νE

OR

Λ =
|BEB′|

|B(E + H∗)B′|
∼ Λb−1,1,νE

where B = 1′a ⊗B∗

Test of AB interaction:

T 2 = N(Gx̄)′(GSp`G
′)−1Gx̄ ∼ T 2

(a−1)(b−1),νE

OR

Λ =
|GEG′|

|G(E + H∗)G′|
∼ Λ(a−1)(b−1),1,νE

where G = A∗ ⊗B∗

Test for C:

Λ =
1′E1

1′E1 + 1′H1
∼ Λ1,νH ,νE

Tests for AC,BC,ABC interactions:

Λ =
|AEA′|

|A(E + H)A′|
∼ Λa−1,νH ,νE

Λ =
|BEB′|

|B(E + H)B′|
∼ Λb−1,νH ,νE

Λ =
|GEG′|

|G(E + H)G′|
∼ Λ(a−1)(b−1),νH ,νE

——————————————————————
——————————————————————

vec Y = vec (XB) + vec (Ξ)

= (Ip ⊗X)︸ ︷︷ ︸
↑

rank = pr

when rank(X)=r

vec B︸ ︷︷ ︸
≡ β
pr×1

+ vec (Ξ)︸ ︷︷ ︸
≡ e
np×1

Y′Y − nȳȳ′︸ ︷︷ ︸
corrected total SS & CP

= Y′Y − B̂′X′Y︸ ︷︷ ︸
= E
p p

+ B̂′X′Y − nȳȳ′︸ ︷︷ ︸
= H
p×p

Λ =
|E|

|E + H|
=
|Y′Y − B̂′X′Y|
|Y′Y − nȳȳ′|

∼ Λp, q︸︷︷︸
r−1

,n− q − 1︸ ︷︷ ︸
n−r

s = min(p, q)

m =
1

2
(|q − p| − 1)

N =
1

2
(n− q − p− 2)

|S|
|Sxx||Syy|

——————————————————————

Hdiff
p×p

= B̂′X′Y − B̂′rX
′
rY

Efull
p×p

= Y′Y − B̂′X′Y

Λxq−h+1,··· ,xq|x1,··· ,xq−h =
|Efull|

|Efull + Hdiff |
=
|Efull|
|Ered|

=
|Y′Y − B̂′X′Y|
|Y′Y − B̂′redX′redY|

=
Λfull

Λred

∼ Λp,h,n−q
↑

# of xs

−1

s = min(p, h)

m =
1

2
(|h− p| − 1)

N =
1

2
(n− h− p− 2)

——————————————————————

B̂i =

[
β̂01 β̂02 · · · β̂0p

β̂i1 β̂i2 · · · β̂ip

]

Λxi =
|Y′Y − B̂′iX

′Y|
|Y′Y − nȳȳ′|

∼ Λp,1,n−2

Λxi|x1,...,xj ∼ Λp,1,n−j−1

——————————————————————

Λxi|x1,...,xi−1,xi+1,...,xm ∼ Λp,1,n−m−1

——————————————————————
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u1 = a′1y and v1 = b′1x are the “first canonical variates”

(S−1
yy SyxS

−1
xxSxy − r2Ip)a = 0

(S−1
xxSxyS

−1
yy Syx − r2Iq)b = 0

ci =


sy1 0 · · · 0
0 sy2 · · · 0
...

...
. . .

...
0 0 · · · syp

ai,

di =


sx1

0 · · · 0
0 sx2

· · · 0
...

...
. . .

...
0 0 · · · sxq

bi

More simply, conduct analysis using R−1
yy RyxR

−1
xxRxy

and R−1
xxRxyR

−1
yy Ryx which have eigenvectors ci and di,

respectively, and have eigenvalues r2
1, . . . , r

2
s .

Λ =

s∏
i=1

(1− r2
i ) ∼ Λp,q,n−1−q

Λm =

s∏
i=m

(1− r2
i ) ∼ Λp−m+1,q−m+1,n−m−q

or Λq−m+1,p−m+1,n−m−p

[since Λp,νH ,νE
q
= ΛνH ,p,νH+νE−p]

——————————————————————

Test that the last k population eigenvalues (denoted
λpop
p−k+1, . . . , λ

pop
p ) are equal

H0 : λpop
p−k+1 = · · · = λpop

p

λ̄ =
1

k

p∑
i=p−k+1

λi

u =

(
n− 2p+ 11

6

)k ln λ̄−
p∑

i=p−k+1

lnλi


approx∼ χ2

1
2 (k−1)(k+2)

——————————————————————

x
p×1

= µ
p×1

+ Λ
p×k

f
k×1

+ e
p×1

var{x} = Λvar{f}Λ′ + var{e}
= ΛIΛ′ + Ψ

= ΛΛ′ + Ψ

var{xi} = [λi1, λi2, . . . , λik][λi1, λi2, . . . , λik]′ + ψi

σii︸︷︷︸
↑

variance for
variable i

= λ2
i1 + λ2

i2 + . . .+ λ2
ik︸ ︷︷ ︸

↑
h2
i = communality

for variable i

+ ψi︸︷︷︸
↑

specific variance

for variable i

S = A
p×p

D
p×p

A′
p×p

∼= A1
p×k

D1
k×k

A′1
k×p

(
retaining only k < p factors,

where A1 = [a1 . . . ak]

and D1 = diag(d1 . . . dk)

)
= (A1D

1/2
1 )(A1D

1/2
1 )′

= Λ̂Λ̂
′

⇒ Λ̂ = A1D
1/2
1

and

Ψ̂ = S− Λ̂Λ̂
′

(ψ̂i = sii −
k∑
j=1

λ̂2
ij︸ ︷︷ ︸

h2
i or

“communality”

)

——————————————————————

Λ̂ = A∗1D∗1
1
2

where A∗D∗A∗′ is the spectral decomposition of S−Ψ◦

(or R−Ψ◦)
——————————————————————(
n− 2p+ 4k + 11

6

)
ln

(
|Λ̂Λ̂ + Ψ̂|
|S|

)
∼ χ2

1
2 [(p−k)2−(p+k)]

(p− k)2 must be ≥ (p+ k)

k ≤ 1

2

(
2p+ 1−

√
8p+ 1

)
——————————————————————

f̂t
k×1

= ( Λ̂
′

k×p
Ψ̂
−1

p×p
Λ̂
′

p×k
)−1 Λ̂

′

k×p
Ψ̂
−1

p×p
( xt
p×1
− x̄
p×1

)

f̂t = Λ̂
′
(Λ̂Λ̂

′
+ Ψ̂)−1(xt − x̄)

or f̂t = Λ̂
′
S−1(xt − x̄)

—————————————————————— x1
(p−k)×1

x2
k×1


︸ ︷︷ ︸

x

=

 β0
(p−k)×1

0
k×1


︸ ︷︷ ︸

µ

+

[
B

(p−k)×k
Ik

]
︸ ︷︷ ︸

Λ

f + e

Λ =



λ11 · · · λ1k

...
λ(p−k),1 · · · λ(p−k),k

1 0
. . .

0 1


t =

λ̂21

s.e.(λ̂21)
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——————————————————————
Saturated model:

df =
1

2
[(p− k)2 − (p+ k)] ← df for a χ2 GOF test

General model with maximum likelihood estimation:

`(θ,S) = n
(

log |Σ[θ]|+ tr
{

S (Σ[θ])
−1
}
− log |S| − p

)
`(θ̂ML; S)→ χ2

1
2p(p+1)−q

is a goodness-of-fit statistic where q is # of params in

model and
1

2
p(p+ 1)︸ ︷︷ ︸

=p∗

is # of statistics in S.

CFI = 1− max(χ2
M − dfM , 0)

max(χ2 − dfB , χ2
M − dfM , 0)

RMSEA =

√
1

n− 1

max(χ2
M − dfM , 0)

dfM

SRMR =

√√√√ 2

p(p+ 1)

p∑
i=1

i∑
j=1

(sij − σij)2

siisjj

——————————————————————

a = argmax
b6=0

[b′(x̄1 − x̄2)]2

b′Sp`b

a∗i = D1/2ai, i− 1, . . . , s

where D =
1

νE

e11 0
. . .

0 epp


=

1

νE
diag(E)

——————————————————————

ECM = c{2|1} · Pr{2|1} · p1 + c{1|2} · Pr{1|2} · p2

ECM is minimized with the rule:

Ĝ1 = {x : p1f1(x) c{2|1} > p2f2(x)c{1|2}}
and

Ĝ2 = {x : p1f1(x) c{2|1} < p2f2(x)c{1|2}}

——————————————————————
Assign x0 to Ĝ1 if:
z0 = a′x0 is closer to z̄1 = a′x̄1 than z̄2 = a′x̄2

or
z0 >

1
2 (z̄1 + z̄2)

So that the rule is:

Ĝ1 =

{
x : (x̄1 − x̄2)′S−1

p` x >
1

2
(x̄1 − x̄2)′S−1

p` (x̄1 + x̄2)

}

and

Ĝ2 =

{
x : (x̄1 − x̄2)′S−1

p` x <
1

2
(x̄1 − x̄2)′S−1

p` (x̄1 + x̄2)

}
Incorporating costs and priors, rule is:

Ĝ1 =
{

x : (x̄1 − x̄2)′S−1
p` x >

1

2
(x̄1 − x̄2)′S−1

p` (x̄1 + x̄2) + ln
p2 c{1|2}
p1 c{2|1}

}
and

Ĝ2 =
{

x : (x̄1 − x̄2)′S−1
p` x <

1

2
(x̄1 − x̄2)′S−1

p` (x̄1 + x̄2) + ln
p2 c{1|2}
p1 c{2|1}

}
——————————————————————

Assign x to Ĝi′ if:

Li(x) = x̄′iS
−1
p` x−1

2
x̄′iS
−1
p` x̄i, i = 1, . . . , g

is maximized when i = i′

For known priors, use:

L∗i (x) = x̄′iS
−1
p` x−1

2
x̄′iS
−1
p` x̄i + ln pi, i = 1, . . . , g

Quadratic functions:

D2
i (x) = (x− x̄i)

′S−1
i (x− x̄i)

or

Qi(x) = ln pi −
1

2
ln |Si| −

1

2
(x− x̄i)

′S−1
i (x− x̄i)

——————————————————————
Assign x to Ĝi if ki = max

j
kj

Rule assumes pi = ni
n , i = 1, . . . , g. If pi 6= ni

n , consider
the revised rule:

Assign x to Ĝi if kipi
ni

= max
j

kjpj
nj

——————————————————————

IA =

k∑
i=1

pi|A(1− pi|A)

pi|A =
pi(niA/ni)∑k
i=1 pi(niA/ni)

pA =

k∑
i=1

pi(niA/ni)

∆I = pAIA − (pALIAL + pARIAR)

——————————————————————

d(x,y) =
√

(x− y)′(x− y)

6



——————————————————————

X(a) (A⊗B)(C⊗D) = (AC)⊗ (BD)

X(b) vec (ABC) = (C′ ⊗A)vec B

(c) tr{AB} = (vec A′)′ vec B = (vec A)′ vec B′

(d) tr{ABCD} = (vec A′)′ (D′ ⊗ B) vec C =
(vec A)′ (B⊗D′) vec C′

X(e) (A⊗B)′ = A′ ⊗B′

X(f) (A⊗B)−1 = A−1 ⊗B−1
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